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The Stokes phenomenon for the Ramanujan’s
q-difference equation and its higher order
extension
Takeshi MORITA∗
Abstract
We show connection formulae of local solutions of the Ramanu-
jan equation between the origin and the infinity. These solutions are
given by the Ramanujan function, the q-Airy function and the diver-
gent basic hypergeometric series 2ϕ0(0, 0;−; q, x). We use two different
q-Borel-Laplace resummation methods to obtain our connection for-
mulae. We also introduce the q-Borel-Laplace transformation of level
r−1, which are higher order extension of these transformations. These
methods are useful to obtain an asymptotic formula of a divergent se-
ries rϕ0(0, 0, . . . , 0;−; q, x).
1 Introduction
In this papar, we deal with the Ramanujan equation
qxu(q2x)− u(qx) + u(x) = 0, ∀x ∈ C∗. (1)
We assume that 0 < |q| < 1. The Ramanujan equation (1) has solutions
u1(x) = 0ϕ1(−; 0; q,−qx), (2)
u2(x) = θq(x)2ϕ0
(
0, 0;−; q,−x
q
)
(3)
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around the origin. The equation (1) also has a fundamental system of solu-
tions around the infinity [7]:
v1(x) =
θq(x)
θq2(x)
1ϕ1
(
0; q; q2,
q2
x
)
(4)
v2(x) =
q
q − 1
θq(x/q)
θq2(x/q)
1
x
1ϕ1
(
0; q3; q2,
q3
x
)
. (5)
Here, the function rϕs(a1, . . . , ar; b1, . . . , bs; q, x) is the basic hypergeometric
series with the base q [2]:
rϕs(a1, . . . , ar; b1, . . . , bs; q, x)
:=
∑
n≥0
(a1, . . . , ar; q)n
(b1, . . . , bs; q)n(q; q)n
{
(−1)nq n(n−1)2
}1+s−r
xn.
The notation (a; q)n is the q-shifted factorial;
(a; q)n :=
{
1, n = 0,
(1− a)(1− aq) . . . (1− aqn−1), n ≥ 1,
moreover, (a; q)∞ := limn→∞(a; q)n and
(a1, a2, . . . , am; q)∞ := (a1; q)∞(a2; q)∞ . . . (am; q)∞.
The basic hypergeometric series has radius of convergence∞, 1 or 0 according
to whether r − s < 1, r − s = 1 or r − s > 1. We remark that the solution
u2(x) contains a divergent series and other solutions u1(x), v1(x) and v2(x)
are convergent series. We study the relation between these solutions from
the viewpoint of connection problems on linear q-difference equations. The
function θq(x) is the theta function of Jacobi with the base q (see section two
for more details).
The solution u1(x) is called the Ramanujan function, which has found by
Ramanujan [12]. M. E. H. Ismail [7] has introduced the notation
Aq(x) :=
∑
n≥0
qn
2
(q; q)n
(−x)n = 0ϕ1(−; 0; q,−qx).
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He shows that Aq(x) is one of q-analogues of the Airy function [6]. The Ra-
manujan function Aq(x) appears in the third identity on p.57 of Ramanujan’s
“Lost notebook” [12] as follows (with x replaced by q):
Aq(−a) =
∑
n≥0
anqn
2
(q; q)n
=
∏
n≥1
(
1 +
aq2n−1
1− qny1 − q2ny2 − q3ny3 − · · ·
)
where
y1 =
1
(1− q)ψ2(q) ,
y2 = 0,
y3 =
q + q3
(1− q)(1− q2)(1− q3)ψ2(q) −
∑
n≥0
(2n+1)q2n+1
1−q2n+1
(1− q)3ψ6(q) ,
y4 = y1y3,
ψ(q) =
∑
n≥0
q
n(n+1)
2 =
(q2; q2)∞
(q; q2)∞
.
Strictly speaking, Ramanujan has not shown that the Ramanujan function
Aq(x) satisfies the equation (1). But we propose that the equation (1) is
named “the Ramanujan equation” after his study.
We review some q-special functions and connection formulae of these func-
tions. Recently, Y. Ohyama [11] shows that there exists “the digeneration
diagram” for Heine’s series 2ϕ1(a, b; c; q, x):
2ϕ1(a, b; c; z) q-confluent
1ϕ1(a; 0; z)
J
(3)
ν
J
(1)
ν , J
(2)
ν
q-Airy
Ramanujan
✲ ✑
✑
✑✸
✲
✲
◗
◗
◗s ✟✯
PPPq
(6)
We remark that there exist three different types of q-Bessel functions
J
(j)
ν , j = 1, 2, 3 [2] and two q-analogues of the Airy function. These q-analogue
are solutions of different types of linear q-difference equations. In this point,
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this diagram is essentially different from the differential case:
Gauss Kummer
Bessel
Weber
Airy✲
✟
✟
✟✟✯
❍
❍
❍❍❥ ✟
✟
✟✟✯
❍
❍
❍❍❥
The Ramanujan function is the most degenerated case in the diagram
(6). We study connection problems on linear q-difference equations between
around the origin and around the infinity with irregular singular points. The
irregularity of q-difference equations and q-difference modules for some cases
of slopes of the Newton polygons are studied by J.-P. Ramis, J. Sauloy and
C. Zhang [13]. Graphically, these (formal) invariants are the height of the
right part of the Newton polygon, from the bottom to the upper right end.
In this paper, we show connection formulae for the Ramanujan equation.
Connection problems on linear q-difference equations between the origin and
the infinity are studied by G. D. Birkhoff [1].
Connection formulae of second order linear q-difference equations are lin-
ear relations in a matrix form:(
u1(x)
u2(x)
)
=
(
C11(x) C12(x)
C21(x) C22(x)
)(
v1(x)
v2(x)
)
.
Here, u1(x) and u2(x) are solutions around the origin, v1(x) and v2(x) are
solutions around infinity and Cij (1 ≤ i, j ≤ 2) are doubly periodic functions
such that
σqCij(x) = Cij(x), Cij(e
2piix) = Cij(x),
namely, q-elliptic functions. The first example of the connection formula with
regular singular points was found by G. N. Watson [15] in 1912:
2ϕ1 (a, b; c; q; x) =
(b, c/a; q)∞(ax, q/ax; q)∞
(c, b/a; q)∞(x, q/x; q)∞
2ϕ1 (a, aq/c; aq/b; q; cq/abx)
+
(a, c/b; q)∞(bx, q/bx; q)∞
(c, a/b; q)∞(x, q/x; q)∞
2ϕ1 (b, bq/c; bq/a; q; cq/abx) .
But connection formulae for irregular singular case had not found for a long
time. Recently, C. Zhang gives connection formulae for some confluent type
basic hypergeometric series [16, 17, 18]. In [17], Zhang gives a connection
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matrix of Jackson’s first and second q-Bessel function J
(j)
ν (x; q), (j = 1, 2) [2]
with using the q-Borel-Laplace transformations of the second kind. Zhang
also gives the connection formula for the divergent seties 2ϕ0(a, b;−; q, x)
in [16, 18] with using the q-Borel-Laplace transformations of the first kind.
These resummation method are powerful tools for connection problems with
irregular singular points. We define these transformations later.
The connection formula for the solution (3), i.e., u2(x) has not known.
We remark that the basic hypergeometric part 2ϕ0(0, 0;−; q,−x/q) in this
solution is a divergent series around the origin and the q-Stokes phenomenon
occurs [14]. Therefore, we need a suitale resummation method, which is
the q-Borel-Laplace transformations of the first kind. By this resummation
method, we obtain the following connection formula in the matrix form ex-
actly and solve the connection problem on the Ramanujan equation.
Theorem. For any x ∈ C∗ \ [−λ; q], we have(
u1(x)
u˜2(x, λ)
)
=
(
C11(x) C12(x)
C˜21(x) C˜22(x)
)(
v1(x)
v2(x)
)
,
provided that
C11(x) =
θq2(qx)θq2(x)
(q, q2; q2)∞θq(x)
, C12(x) =
θq2(x)θq2(x/q)
(q, q2; q2)∞θq(x/q)
,
C˜21(x) =
(q; q)∞θq2(−qx/λ2)θq2(x)
θq(−q/λ)θq(x/λ)θq(x)
and
C˜22(x) =
(q; q)∞θq2(−x/λ2)θq2(x/q)
θq(−1/λ)θq(x/λ)θq(x/q) .
Here, the function u˜2(x, λ) is
u˜2(x, λ) = θq(x)2f0(0, 0;−; q, λ,−x/q)
which is meromorphic function on C∗ \ [−λ; q] and the set [λ; q] is the q-
spiral(see section two). We denote 2f0(0, 0;−; q, λ,−x/q) as the resummation
of 2ϕ0(0, 0;−; q,−x/q).
We show this formula with the using of the q-Borel-Laplace method of
the first kind. The connection formula between the Ramanujan function and
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the q-Airy function has given with the using of the q-Borel-Laplace method
of the second kind.
Theorem (Morita[9]) For any x ∈ C∗, we have
Aq2
(
− q
3
x2
)
=
1
(q,−1; q)∞
{
θq
(
x
q
)
Aiq(−x) + θq
(
−x
q
)
Aiq(x)
}
. (7)
Here, the function Aiq(x) is the q-Airy function, which is another q-
analogue of the Airy function. The q-Airy function Aiq(x) is found as a
special solution of the second q-Painleve´ equation by K. Kajiwara, T. Ma-
suda, M. Noumi, Y. Ohta and Y. Yamada [4, 8] . The function Aiq(x) is
defined by
Aiq(x) :=
∑
n≥0
1
(−q; q)n(q; q)n
{
(−1)nq n(n−1)2
}
(−x)n.
These functions Aq(x) and Aiq(x) are most degenerated case in the dia-
gram for Heine’s 2ϕ1(a, b; c; q, x) series (6) and satisfy different two types of
second order q-difference equations. The Ramanujan function Aq(x) satisfies
qxu(q2x)− u(qx) + u(x) = 0
and the q-Airy function Aiq(x) satisfies
u(q2x) + xu(qx)− u(x) = 0.
Ismail also has pointed out the Ramanujan function and the q-Airy func-
tion are different. But the relation between them has not known. Our con-
nection formula (7) shows that the Ramanujan function can be represented
by the q-Airy functions.
We remark that the connection formula for u1(x) is essentially given by
Ismail and C. Zhang as follows [7]:
Aq(x) =
(qx, q/x; q2)∞
(q; q2)∞
1ϕ1
(
0; q; q2,
q2
x
)
− q(q
2x, 1/x; q2)∞
(1− q)(q; q2)∞ 1ϕ1
(
0; q3; q2,
q3
x
)
. (8)
They give (8) as an asymptotic formula for the Ramanujan function. But
from the viewpoint of connection problems on q-difference equations, we
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can regard the formula (8) as one of connection formulae of the Ramanujan
function. In fact, we can rewrite this formula as follows:
u(x) =
θq2(qx)θq2(x)
(q, q2; q2)∞θq(x)
v1(x) +
θq2(x)θq2(x/q)
(q, q2; q2)∞θq(x/q)
v2(x).
Here, connection coefficients are q2-elliptic functions. In [9], we derive Ismail-
Zhang’s formula (8) from (7) by suitable algebraic transformation.
In the last section, we introduce the q-Borel-Laplace transformations of
level r− 1. These transformations are higher order extension of the q-Borel-
Laplace transformations. We also apply these new method to a divergent
series rϕ0(0, 0, . . . , 0;−; q, x) and give the asymptotic formula as follows:
Theorem. For any C∗ \ [−λ; qr−1], we have(
L+
qr−1,λ
◦ B+
qr−1r
ϕ0(0, 0, . . . , 0;−; q, x)
)
=
1
θqr−1
(
λ
x
) (q; q)∞
θq(−λ)θqr(r−1)
(
(−1)r−1q
(r−1)(r−2)
2 (λx)
r
)
× r−1ϕr−1
(
0, 0, . . . , 0; q, q2, . . . , qr−1; qr, q
(r−1)(r−2)
2 /x
)
+ . . .
+
1
θqr−1
(
λ
x
) (q; q)∞
θq(−λ)θqr(r−1)
(
(−1)r−1q
3r(r−1)
2 (λx)
r
)
× (−1)
r−1q
(r−1)(r−2)
2
(1− q)(1− q2) . . . (1− qr−1)
( q
λ
)r−1
× r−1ϕr−1
(
0, 0, . . . , 0; qr, qr+1, . . . , q2r−1; qr, q
3r(r−1)
2 /x
)
2 Basic notations
In this section, we fix our notations. We assume that q ∈ C∗ satisfies 0 <
|q| < 1. The q-shifted operator σq is given by σqf(x) = f(qx). For any fixed
λ ∈ C∗ \ qZ, the set [λ; q]-spiral is [λ; q] := λqZ = {λqk; k ∈ Z}. The theta
function of Jacobi is important in connection problems. The theta function
of Jacobi with the base q is
θq(x) :=
∑
n∈Z
q
n(n−1)
2 xn, ∀x ∈ C∗.
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The theta function has the following properties;
1. Jacobi’s triple product identity is
θq(x) =
(
q,−x,− q
x
; q
)
∞
.
2. The q-difference equation which the theta function satisfies;
θq(q
kx) = q−
n(n−1)
2 x−kθq(x), ∀k ∈ Z.
3. The inversion formula;
θq
(
1
x
)
=
1
x
θq(x).
We remark that the function θ(−λx)/θ(λx), ∀λ ∈ C∗ satisfies a q-difference
equation
u(qx) = −u(x)
which is also satisfied by the function u(x) = epii(
log x
log q ).
3 Two q-exponential functions
We review two different q-exponential functions eq(x) and Eq(x) to consider
the connection problem on the Ramanujan equation. In this section, we show
the relation between them. We review two different q-exponential functions
from the viewpoint of the connection problems. One of the q-exponential
function eq(x) is given by
eq(x) := 1ϕ0(0;−; q, x) =
∑
n≥0
xn
(q; q)n
.
The other q-exponential function Eq(x) is
Eq(x) := 0ϕ0(−;−; q,−x) =
∑
n≥0
q
n(n−1)
2
(q; q)n
xn.
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The function eq(x) satisfies the following first order q-difference equation
{σq − (1− x)} u(x) = 0
and Eq(x) satisfies
{(1 + x)σq − 1}u(x) = 0.
The limit q → 1− 0 converges the exponential function
lim
q→1−0
eq (x(1 − q)) = lim
q→1−0
Eq (x(1 − q)) = ex.
In this sense, these functions considered as q-analogues of the exponential
function. It is known that there exists the relation between these functions
[2]:
eq(x)Eq(−x) = 1, eq−1(x) = Eq(−qx).
But another relation has not known. We show the connection formula be-
tween them and give alternate representation of eq(x).
At first, we show the following connection formula between eq(x) and
Eq(x).
Theorem 3.1. For any x ∈ C∗ \ [1; q],
eq(x) =
(q; q)∞
θq(−x)Eq
(
− q
x
)
where |x| < 1.
Proof. The function eq(x) and Eq(x) have infinite product as follows:
eq(x) =
1
(x; q)∞
, |x| < 1
and
Eq(x) = (−x; q)∞.
We remark that eq(x) can be described as
eq(x) =
1
θq(−x)
(
q,
q
x
; q
)
∞
=
(q; q)∞
θq(−x)Eq
(
− q
x
)
where |x| < 1. We obtain the conclusion.
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Therefore, these q-exponential functions are related by the connection
formula between the origin and the infinity. If we replace x by x/q, we obtain
the following lemma. This is useful to consider the connection problem in
the last section.
Lemma 3.2. For any x ∈ C∗ \ [1; q], the function eq(x/q) has the following
alternate representation.
eq
(
x
q
)
=
(q; q)∞
θq
(
−x
q
)0ϕ1
(
−; q; q2, q
5
x2
)
− (q; q)∞
θq
(
−x
q
) q2
(1− q)x0ϕ1
(
−; q3; q2, q
7
x2
)
.
Proof. From theorem 3.1,
1ϕ0
(
0;−; q, x
q
)
=
(q; q)∞
θq
(
−x
q
)Eq
(
−q
2
x
)
=
(q; q)∞
θq
(
−x
q
)0ϕ0
(
−;−; q, q
2
x
)
.
Here,
0ϕ0
(
−;−; q, q
2
x
)
=
∑
k≥0
1
(q; q)k
(−1)kq k(k−1)2
(
q2
x
)k
and we remark that (a; q)2k = (a, aq; q
2)k [2]. By separating the terms with
even and odd k ≥ 0, we obtain the conclusion.
By separating the terms with r-th order terms, we have the following
corollary.
Corollary 3.3. For any x ∈ C∗ \ [1; q], we have
eq(x) =
(q; q)∞
θq(−x)
[
0ϕr−1
(
−; q, q2, . . . , qr−1; qr, (qr) r−12
( q
x
)r)
+
(−1)
1− q
q
x
0ϕr−1
(
−; q2, . . . , qr−1, qr+1; qr, (qr) r+12
( q
x
)r)
+ · · ·+ (−1)
r−1q
(r−1)(r−2)
2
(1− q)(1− q2) . . . (1− qr−1)
( q
x
)r−1
0ϕr−1
(
−; qr+1, . . . , q2(r−1); qr, (qr) 3(r−1)2
( q
x
)r)]
.
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4 Covering transformations
We define a covering transformation for a second order linear q-difference
equation.
Definition 4.1. For a q-difference equation
a(x)u(q2x) + b(x)u(qx) + c(x)u(x) = 0, (9)
we define the covering transformation as follows
t2 := x, v(t) := u(t2), p :=
√
q.
The covering transform of the equation (9) is given by
a(t2)v(p2t) + b(t2)v(pt) + c(t2)v(t) = 0.
By the covering transformation, the equation(
K · xσ2q − σq + 1
)
u(x) = 0
is transformed to (
K · t2σ2p − σp + 1
)
v(t) = 0, (10)
where K is a fixed constant in C∗.
5 The Ramanujan function and the q-Airy
function
There are two different q-analogue of the Airy function. One is called the
Ramanujan function which appears in [12]. Ismail [6] pointed out that the
Ramanujan function can be considered as a q-analogue of the Airy function.
The other one is called the q-Airy function which is obtained by K. Kajiwara,
T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [8]. In this section, we
see the properties of these functions. We explain the reason why they are
called q-analogues of the Airy function and we show q-difference equations
which they satisfy.The Ramanujan function appears in Ramanujan’s “Lost
notebook” [12]. Ismail has pointed out that the Ramanujan function can be
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considered as a q-analogue of the Airy function. The Ramanujan function is
defined by following convergent series;
Aq(x) :=
∑
n≥0
qn
2
(q; q)n
(−x)n = 0ϕ1(−; 0; q,−qx).
In the theory of ordinary differencial equations, the term Plancherel-
Rotach asymptotics refers to asymptotics around the largest and smallest
zeros. With x =
√
2n+ 1 − 2 123 13n 16 t and for t ∈ C, the Plancherel-Rotach
asymptotic formula for Hermite polynomials Hn(x) is
lim
n→+∞
e−
x2
2
3
1
3pi−
3
42
n
2
+ 1
4
√
n!
Hn(x) = Ai(t). (11)
In [6], Ismail shows the q-analogue of (11);
Proposition 5.1. We have
lim
n→∞
qn
2
tn
hn(sinh ξn|q) = Aq
(
1
t2
)
where eξn = tq−
n
2 .
Here, hn(·|q) is the q-Hermite polynomial. In this sense, we can deal with
the Ramanujan function Aq(x) as a q-analogue of the Airy function. The
Ramanujan function satisfies the following q-diference equation;(
qxσ2q − σq + 1
)
u(x) = 0. (12)
Remark. We remark that another solution of the equation (12) is given by
u(x) = θ(x)2ϕ0(0, 0;−; q,−x/q).
Here,
2ϕ0
(
0, 0;−; q,−x
q
)
=
∑
n≥0
1
(q; q)n
{
(−1)nq n(n−1)2
}−1(
−x
q
)n
is a divergent series.
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The q-Airy function is found by K. Kajiwara, T. Masuda, M. Noumi,
Y. Ohta and Y. Yamada [8], in their study of the q-Painleve´ equations. This
function is the special solution of the second q-Painleve´ equations and given
by the following series
Aiq(x) :=
∑
n≥0
1
(−q, q; q)n
{
(−1)nq n(n−1)2
}
(−x)n = 1ϕ1(0;−q; q,−x).
T. Hamamoto, K. Kajiwara, N. S. Witte [4] proved following asymptotic
expansions;
Proposition 5.2. With q = e−
δ3
2 , x = −2ie− s2 δ2 as δ → 0,
1ϕ1(0;−q; q,−qx) = 2pi 12 δ− 12 e−(
pii
δ3
) ln 2+(pii2δ )s+
pii
12
[
Ai
(
se
pii
3
)
+O(δ2)
]
,
1ϕ1(0;−q; q, qx) = 2pi 12 δ− 12 e−(
pii
δ3
) ln 2−(pii2δ )s−
pii
12
[
Ai
(
se−
pii
3
)
+O(δ2)
]
for s in any compact domain of C.
Here, Ai(x) is the Airy function. From this proposition, we can regard
the q-Airy function as a q-analogue of the Airy function.
We can easily check out that the q-Airy function satisfies the second order
linear q-difference equation(
σ2q + xσq − 1
)
u(x) = 0. (13)
Another solution of the equation (13) is given by
u(x) = epii(
log x
log q )
1ϕ1(0;−q; q, x) = epii(
log x
log q ) Aiq(−x).
6 The q-Borel-Laplace transformations
In this section, we show a connection formula of the divergent series 2ϕ0.
This series appears in the second solution of the Ramanujan equation (12).
At first, we define two types of the q-Borel-Laplace transformations.
Definition. We assume that f(x) is a formal power series f(x) =
∑
n≥0 anx
n,
a0 = 1.
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1. The q-Borel transformation of the first kind is
(B+q f) (ξ) :=∑
n≥0
anq
n(n−1)
2 ξn (=: ϕ(ξ)) .
2. The q-Laplace transformation of the first kind is
(L+q,λϕ) (x) := 11− q
∫ λ∞
0
ϕ(ξ)
θq
(
ξ
x
) dqξ
ξ
=
∑
n∈Z
ϕ(λqn)
θq
(
λqn
x
) ,
here, this transformation is given by Jackson’s q-integral [2].
We also define the q-Borel-Laplace transformations of the second kind as
follows:
1. The q-Borel transformation of the second kind is
(B−q f)(ξ) :=
∑
n≥0
anq
−
n(n−1)
2 ξn (=: g(ξ)) .
2. The q-Laplace transformation of the second kind is
(L−q g) (x) := 12pii
∫
|ξ|=r
g(ξ)θq
(
x
ξ
)
dξ
ξ
,
where r > 0 is enough small number.
We remark that the q-Borel transformation B+q is formal inverse of the
q-Laplace transformation L+q,λ as follows;
Lemma 6.1. For any entire function f(x), we have
L+q,λ ◦ B+q f = f.
The q-Borel transformation B−q also can be considered as a formal inverse
of the q-Laplace transformation.
Lemma 6.2. We assume that the function f can be q-Borel transformed to
the analytic function g(ξ) around ξ = 0. Then, we have
L−q ◦ B−q f = f.
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Proof. We can prove this lemma calculating residues of the q-Laplace trans-
formation around the origin.
The q-Borel transformation B−q has following operational relation.
Lemma 6.3. For any l, m ∈ Z≥0,
B−q (tmσlq) = q−
m(m−1)
2 τmσl−mq B−q .
In the following subsection, we apply these resummation methods to deal
with the connection problem.
7 The connection formula of the series 2ϕ0(0, 0;−; q, ·)
The aim of this section is to give a proof for the following theorem;
Theorem 7.1. For any x ∈ C∗ \ [−λ; q],
θq(x)2f0
(
0, 0;−; q,−x
q
)
= (q; q)∞
θq(x)θq2
(
−λ2
qx
)
θq
(
−λ
q
)
θq
(
λ
x
) 1ϕ1
(
0; q; q2,
q2
x
)
+
(q; q)∞
1− q
θq(x)θq2
(
−λ2
x
)
θq
(
−λ
q
)
θq
(
λ
x
) λx 1ϕ1
(
0; q3; q2,
q3
x
)
.
We give the proof of theorem 7.1.
Proof. We apply the q-Borel transformation B+q to the divergent series v(x) =
2ϕ0(0, 0;−; q,−x/q). We obtain
(B+q v) (ξ) = 1ϕ0
(
0;−; q, ξ
q
)
=: ϕ(ξ).
From lemma 3.2,
ϕ(ξ) =
(q; q)∞
θq
(
− ξ
q
)0ϕ1
(
−; q; q2, q
5
ξ2
)
− (q; q)∞
θq
(
− ξ
q
) q2
(1− q)ξ 0ϕ1
(
−; q3; q2, q
7
ξ2
)
where |ξ/q| < 1.
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We apply the q-Laplace transformation L+q,λ to ϕ(ξ):
(L+q,λϕ) (x) =∑
n∈Z
ϕ(λqn)
θq
(
λqn
x
) =∑
n∈Z
1ϕ0
(
0;−; q, λqn
q
)
θq
(
λqn
x
)
=
(q; q)∞
θq
(
−λ
q
)
θq
(
λ
x
) ∑
n−m∈Z
(q2)
(n−m)(n−m−1)
2
(
−λ
2
qx
)n−m
×
∑
m≥0
(−1)m(q2)m(m−1)2
(q; q2; q2)m
(
q2
x
)m
− (q; q)∞
θq
(
−λ
q
)
θq
(
λ
x
) q2(1− q)λ
∑
n−m∈Z
(q2)
(n−m)(n−m−1)
2
(
− λ
2
q2x
)n−m
×
∑
m≥0
(−1)m(q2)m(m−1)2
(q3, q2; q2)m
(
q3
x
)m
.
Therefore,
2f0
(
0, 0;−; q,−x
q
)
= L+q,λ ◦ B+q 2ϕ0
(
0, 0;−; q,−x
q
)
= (q; q)∞
θq2
(
−λ2
qx
)
θq
(
−λ
q
)
θq
(
λ
x
)1ϕ1
(
0; q; q2,
q2
x
)
+
(q; q)∞
1− q
θq2
(
−λ2
x
)
θq
(
−λ
q
)
θq
(
λ
x
)1ϕ1
(
0; q3; q2,
q3
x
)
.
We obtain the conclusion.
Remark. By theorem 7.1, we have
u˜2(x, λ) = C˜21v1(x) + C˜22v2(x),
where
C˜21(x) =
(q; q)∞θq2(−qx/λ2)θq2(x)
θq(−q/λ)θq(x/λ)θq(x)
and
C˜22(x) =
(q; q)∞θq2(−x/λ2)θq2(x/q)
θq(−1/λ)θq(x/λ)θq(x/q) .
This is a half of our connection formula.
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8 The q-Airy equation around the infinity and
the connection formula
We consider the behavior of the equation (13) around the infinity. We set
x = 1/t and z(t) = u(1/t). Then z(t) satisfies(
−σ2q +
1
q2t
σq + 1
)
z(t) = 0.
We set E(t) = 1/θ(−q2t) and f(t) = ∑n≥0 antn, a0 = 1. We assume that
z(t) can be described as
z(t) = E(t)f(t) = 1
θ(−q2t)
(∑
n≥0
ant
n
)
.
The function E(t) has the following property;
Lemma 8.1. For any t ∈ C∗,
σqE(t) = −q2tE(t), σ2qE(t) = q5t2E(t).
From this lemma, f(t) satisfies the following equation(−q5t2σ2q − σq + 1) f(t) = 0. (14)
Since (14) is the same as (10) for K = −q5, we obtain
f(t) = 0ϕ1(−; 0; q2, q5t2) = Aq2(−q3t2).
We show a connection formula for f(t). In order to obtain a connection
formula, we need the q-Borel transformation and the q-Laplace transfor-
mation following Zhang [17]. Applying the q-Borel transformation to the
equation (10) and using lemma 6.3, we obtain the first order q-difference
equation
g(qτ) = (1 + q2τ)(1− q2τ)g(τ).
Since g(0) = 1, g(τ) is given by an infinite product
g(τ) =
1
(−q2τ ; q)∞(q2τ ; q)∞
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which has single poles at{
τ ; τ = ±q−2−k, ∀k ∈ Z≥0
}
.
By Cauchy’s residue theorem, the q-Laplace transform of g(τ) is
f(t) =
1
2pii
∫
|τ |=r
g(τ)θ
(
t
τ
)
dτ
τ
=−
∑
k≥0
Res
{
g(τ)θ
(
t
τ
)
1
τ
; τ = −q−2−k
}
−
∑
k≥0
Res
{
g(τ)θ
(
t
τ
)
1
τ
; τ = q−2−k
}
where 0 < r < r0 := 1/|q2|. We can culculate the residue from lemma 8.2.
Lemma 8.2. For any k ∈ N, λ ∈ C∗, we have:
1. Res
{
1
(τ/λ; q)∞
1
τ
: τ = λq−k
}
=
(−1)k+1q k(k+1)2
(q; q)k(q; q)∞
,
2.
1
(λq−k; q)∞
=
(−λ)−kq k(k+1)2
(λ; q)∞ (q/λ; q)k
, λ 6∈ qZ.
Summing up all of residues, we obtain
f(t) =
θ(q2t)
(q,−1; q)∞ 1ϕ1
(
0,−q; q, 1
t
)
+
θ(−q2t)
(q,−1; q)∞ 1ϕ1
(
0,−q; q,−1
t
)
.
We obtain a connection formula for z(t) = E(t)f(t). Finally, we acquire
the following connection formula between the Ramanujan function and the
q-Airy function.
Theorem 8.3. For any x ∈ C∗,
Aq2
(
− q
3
x2
)
=
1
(q,−1; q)∞
{
θ
(
x
q
)
Aiq(−x) + θ
(
−x
q
)
Aiq(x)
}
.
Here, both Aq(x) and Aiq(x) are defined by convergent series on whole of
the complex plain. The connection formula above is valid for any x ∈ C∗.
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9 The q-Borel-Laplace transformations of level
r − 1 and its application
In this section, we define the higher order extension of the q-Borel-Laplace
method. We also apply this method to the divergent series rϕ0(0, 0, . . . , 0;−; q, x).
At first, we give the definition of the q-Borel-Laplace transformations of level
r − 1 as follows:
Definition 9.1. The q-Borel transformation of level r − 1 is(
B+
qr−1
f
)
(ξ) :=
∑
n≥0
an(q
r−1)
n(n−1)
2 ξn =: ϕˆ(ξ),
where f(x) is a formal power series. The q-Laplace transformation of level
r − 1 is (
L+
qr−1,λ
ϕˆ
)
(x) :=
∑
n∈Z
ϕˆ(λq(r−1)n)
θqr−1
(
λq(r−1)n
x
) .
We also have the following lemma.
Lemma 9.2. For any entire function f(x), we have
L+
qr−1,λ
◦ B+
qr−1
f = f.
We study the application of this method. We consider the following
divergent series
rϕ0(0, 0, . . . , 0;−; q, x) =
∑
n≥0
1
(q; q)n
{
(−1)nq n(n−1)2
}1−r
xn.
We apply the q-Borel transformation of level r − 1 to this series. Then,
we obtain the q-exponential function eq(x). By corollariy 3.3, the q-Borel
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transform of rϕ0(0, 0, . . . , 0;−; q, x) has the following representation:(
B+
qr−1r
ϕ0(0, 0, . . . , 0;−; q, ∗)
)
(ξ) = eq(ξ)
=
(q; q)∞
θq(−ξ)
[
0ϕr−1
(
−; q, q2, . . . , qr−1; qr, (qr) r−12
(
q
ξ
)r)
+
(−1)
1− q
q
ξ
0ϕr−1
(
−; q2, . . . , qr−1, qr+1; qr, (qr) r+12
(
q
ξ
)r)
+ · · ·+ (−1)
r−1q
(r−1)(r−2)
2
(1− q)(1− q2) . . . (1− qr−1)
(
q
ξ
)r−1
0ϕr−1
(
−; qr+1, . . . , q2(r−1); qr, (qr) 3(r−1)2
(
q
ξ
)r)]
=: ϕˆ(ξ).
Moreover, we apply the q-Laplace transformation of level r − 1 to ϕˆ(ξ), we
obtain the following theorem.
Theorem 9.3. For any C∗ \ [−λ; qr−1], we have(
L+
qr−1,λ
◦ B+
qr−1r
ϕ0(0, 0, . . . , 0;−; q, x)
)
=
1
θqr−1
(
λ
x
) (q; q)∞
θq(−λ)θqr(r−1)
(
(−1)r−1q
(r−1)(r−2)
2 (λx)
r
)
× r−1ϕr−1
(
0, 0, . . . , 0; q, q2, . . . , qr−1; qr, q
(r−1)(r−2)
2 /x
)
+ . . .
+
1
θqr−1
(
λ
x
) (q; q)∞
θq(−λ)θqr(r−1)
(
(−1)r−1q
3r(r−1)
2 (λx)
r
)
× (−1)
r−1q
(r−1)(r−2)
2
(1− q)(1− q2) . . . (1− qr−1)
( q
λ
)r−1
× r−1ϕr−1
(
0, 0, . . . , 0; qr, qr+1, . . . , q2r−1; qr, q
3r(r−1)
2 /x
)
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